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Abstract 

In this paper a special class of local (^-functions is studied. The main 
theorem states that the functions have all zeros on the line SR(s) = 1/2. 
This is a natural generalization of the result of Bump and Ng stating that 
the zeros of the Mellin transform of Hermite functions have 5R(s) = 1/2. 

1 Introduction 

In the study of Hecke L-functions, Tate 0,0 defined local C-functions 

C(a, v,/)= / f(x)v(x)\x\'d*x, 

J F" 

where F is a local field, / is a Schwartz function of F, v is a character of F x and 
integration is taken with respect to Haar measure on F x . Weil [8 J introduced 
a representation u> — lo^ of the metaplectic group SL(2, F) for each nontrivial 
additive character ip of F. The Local Riemann Hypothesis (LRH), as formulated 
in pp, is the assertion that if / is taken from some irreducible invariant subspace 
of^the restriction of this representation to a certain compact subgroup H of 
SL(2,F), then in fact all zeros of C(s, i/, /) lie on the line SR(s) = 1/2. The 
phenomenon was first observed by Bump and Ng and they proved that the zeros 
of the Mellin transform of Hermite functions lie on the line, this corresponds to 
LRH for F = R j2] • LRH has also been proved for F having odd characteristics 
by Kurlberg ^] and disproved for F = C by Kurlberg 0]. In all cases above 
H is the unique maximal compact subgroup of 50(2, F), for F = M and for 
F with characteristic congruent to 3 modulo 4, H is nothing but SO(2,F), 
since this already is compact. In Q] Bump, Choi, Kurlberg and Vaaler offer 
generalizations of LRH to higher dimensions along with two different proofs of 
the case F = K and H — SO(2). In this paper we prove: 

Theorem 1.1. If f belongs to an irreducible invariant subspace of the Weil rep- 
resentation restricted to SU(2, C) and £(s, v, /) ^ 0, then all zeros of C(s, v, f) 
lie on the line J?(s) = 1/2. 

In other words, we prove that a slightly modified version of LRH (namely 
taking H = SU(2,C) rather than a compact subgroup of SO(2,C)) holds for 
F = C. 

Remark 1.2. From now on we will restrict ourselves to the case where the local 
field is C. 
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3 The Weil representation 

The Weil (or the metaplectic) representation is an action on 5(C) = {f{z);f(x+ 
i y ) = g {x, y) e y(R 2 )}, where (K 2 ) is the Schwartz space. We will often think 
of the elements of 5(C) not as functions of the complex variable z, but rather as 
functions of the two real variables x, y satisfying z = x + iy. In agreement with 
that we write dz and this is nothing but dxdy, the Lebesgue measure of M. 2 . 
Sometimes we will also use the notation (/, g) — J c f(z)g(z)dz. Let the additive 
character on C be ip( z ) = e m ^ z > and introduce the Fourier transform 



Remark 3.1. As noted in there is no loss of generality in assuming that 
the additive character is ip(z) = e 1 ^^ if the objective only is to prove LRH. 
Changing character does not preserve the irreducible subspaces, but the zeros 
of the "corresponding ^-functions" are preserved. 

5L(2,C), the metaplectic double cover of 5£(2,C), splits and we have 
SL{2, C) = SL(2, C) x Gi- Using this identification we write 



The restriction of the metaplectic representation to SU (2, C) can now be written 

as 



However, it is much more convenient to see how u acts on the generators of 
5L(2,C). This is given by 




With this normalization, we find that f(z) = f(—z). 







and 
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Remark 3.2. When we write \a\ we mean the ordinary absolute value of a, not 
the "absolute value" of an element in a local field used by Tate. 

In order to find the invariant subspaces of the action of SU(2, C) we could 
of course just as well study the restriction to su(2, C) of the corresponding Lie 
algebra representation dw : s[(2,C) — ► End(S(C)) defined by 

((dw X)f){z) = j t ( W {expQX)) f) (*)|t=o, 

where exp is the exponential map st(2,C) — ► SL(2, C) lifted to a map exp : 
s[(2, C) — > SL(2, C). Since a natural basis for su(2, C) is 



1 

-1 



i 

1 



i 
-i 



our first objective is to calculate how rfw acts on 5(C) for these vectors. From 
the definitions we immediately get 



and 
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-4 (t(x + iyf)f 
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t=0 



in (x 2 - y 2 ) f 



dui 
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dt 



_ " c -i2-irtxy 

dt 



"1 if 






') 
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d_ 

It 



i> (it(x + iy) 2 ) f 



t=o 



t=o 



= —il-nxyf. 



Introducing the notation J for the operator taking / to its Fourier transform / 
we see that 



dw 





-1 



1 

-1 



dw 
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1 

-1 



= Z- 1 in(x 2 -y 2 )$ = 



J_ (d 2 



d 2 



Air \dx 2 dy 2 



and 



dw 





-i 



1 

-1 



dw 



= 3^ {-i2nxy)$ = 



i \ 

VooJ 

i d 2 
2tt dxdy 



Hence we have that 

/ 1\ [0 1 

dw \ = dw I 



dw 



-1 








-1 
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1 

-1 



= in (x 2 — y 2 ) — ( — 



Att \dx 2 dy 2 j 
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and 



du> 



i 



\ i 0/ 

Finally we get that 

'i ' 
-i 



du> 



f 



dhJ 



d 

~dt 



i 




du> 



e lt 
e~ lt 





-% 



/ \(x + iy) 



-i2irxy - 



dt 



i d 2 
2n dxdy 



f{e lt (x + iy)) 



t=o 



= —ftxcost — y sini + i(ycost + irsint)) 
at ' i=o 

dx dy 

Definition 3.1. Let f m . n {x + iy) = H m (V^x)H n (V2^y)e-^( x2+y2 ) where 
H n (x) = (— l) n e x -j-k&~ x are the Hermite polynomials. 

Proposition 3.3. W m — ©JLo ^-f^m-j are invariant subspaces of the Weil 
representation restricted to su(2,C). 

Proof. We can write (see for instance [^) fm,n{x + iy) — h m (x)h n (y) where h m 
satisfy 



47T 2 dx 2 



2m + 1 



Hence we have 
/ 1 



duj 



-1 



fm,n = MT (a; 2 - J/ 2 



a 2 a 2 



fm,n 



( 2m + 1 2n + 1 

17T 



V 27T 



47r \ dx 2 dy 2 _ 

fm,n — ri)f mn . 



2tt 



Using the recurrence formulas i? n+ i(x) = 2xH n {x) — 2nH n -\{x) and H' n (x) 
2nH n _i(x) we get 



do; 



i 
-i 



,» &fjn,n &fm,n 

Jm,n y ^ i ^ ^ 

ax ay 
= -y (\/27r277j/ m _ Ml - 27t:e/, 
+ x ( V27r2n/ mi „_i - 2^yf m ^ n 



= V2tt (-2my/ m _i ! „ + 2nx/„ li „_i) 

r, fm-l,n+l + 2n/ m _i. n _i /m+l,n-l+2w/m-l,n-l 

= — 2to ■ h zn ■ 



nf m +l,n-l — mfm-l,n+l 
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and 






|<k> I . \ ' { '" " " ! ■ / -" •" 



{nfrn+l,n-l ~ «l/m-l,n+l) 

- imf m -ij l+ i. 

The proposition follows since ^ obviously is closed under all three basis op- 
erators. □ 

Remark 3.4. Using the three basis operators given above it is easy to see that 
W m is irreducible. 

Instead of choosing the basis {f m -n n}™=o f° r W m it is sometimes more 

(i \ 

convenient to use the basis of eigenfunctions of dui \ . Because of the 

V -ij 

symmetry in the commutator relations of the basis elements of su(2, C), these 
eigenfunctions have the same set of eigenvalues as {/m-n,n}™ = o- Call this new 
basis {b m n } 7 where n = —m,—m + 2, ...,m and b m , n {re % ) — e lne b m ^ n (r). The 
elements of the basis is determined by the relations above up to multiplication 
by a constant, choosing these constants correctly we get: 

Proposition 3.5. Let 

be the Laguerre polynomials. (See J}$) We have that 

6m ,„(^) = e^rl«li^ | „ |)/2 (2 7 rr 2 )e— \ 

Proof. We assume n > 0, the argument is same as for n < 0. Since b m , n G W m , 
we see that b m , n is on the form c(z, z)e _7r ' z ' , where c is a polynomial of degree 
m. That b m ^ n (re l9 ) — e me b m ^ n (r) means that c(z, z) only consists of terms on 
the form z a z b , where a — b = n. In particular we must have that b m ^ n (re ie ) = 
e me r n q m ^ n {2-Kr 2 )e~ 7Tr , where q m ^ n is a polynomial of degree (m — n)/2. Since 
the subspaces W m are orthogonal to each other, for m / m' we have 



= (b m , n , b m ,, n ) = 2ir I r n q m ^ n {2^)e-^ r n q m , , n (27rH) e -' tr rdr 
1 



i) 



2(2tt)« J 

-(„) 



{x)q m ' <n {x)x n e x dx. 



This proves that q m>n {x) = L(J i _ n y 2 {x) if we normalize correctly. □ 
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4 Properties of the local Tate (-function 

Definition 4.1. We define the local Tate C-function 

t(s,v,f)= [ f(z)v{z)\z\ 2s - 2 dz 
for all characters v of C x and / € S(C). 

Remark 4.1. This is the local ^-functions defined in the introduction specialized 
to the case where the local field is C. 

All characters of C x can be written using polar coordinates in the form 
v(r,B) = r la e lke with k € Z. Since CO, r la e lk \ f) = ((s + ia/2, e lke , /), the real 
part of the zeros of C does not depend on a. Hence our attention will be drawn 
to the following object: 

Definition 4.2. Let k,m € N, v k = e lkB and g k = r 2s ~ 2 v k . We set 
CmH s ) = (fm,0,9k) = C(s,l/ k ,f m ,o). 
In order for Theorem 11.11 to be true it is essential that all elements in the 

(k) 

invariant subspaces define the same C-function Qh , U P to multiplication by a 
constant. That this really is the case is shown in the next proposition. 

Proposition 4.2. If f £ W rn then C(s,Vk,f) = Cf,k ■ Cm (s), where Cf lk is a 
constant not depending on s. 

Proof. Let / = Y^jLo c 2j-mb m ,2j-m- For (m — k)/2 € N we see that 

m 

C(«) Vk,f) = 2J c 2i-mC(s, fife, &m,2j-m) 
3=0 

m poo p2tt 

= Vc 2j -J / e^-^b^j-miry^e^dedr 
j=0 "' J° 

= Ck((s, Vk,b m ,k), 

other m give Cm ( s ) = 0. □ 
Lemma 4.3. // (to — fc)/2 S N we /iai>e iftai 

where Pm\s) is a real polynomial of degree (to — fc)/2. Otherwise (m\s) = 0. 

Proof. Since £T m is odd if to is odd and even if to is even, the trigonometric 
identities [Hj 



1 / 2n \ i " / 2n \ 
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and 

2n- 1 



2 " l "- — E . coB((jy - 



02n-2 

^ j=l\ n -J 



can be used to write 



[m/2] 

H m (V2^r cos 6») = ^ r m ~' lj a j {r 2 ) cos((m - 2j)0) 
i=o 

for some real polynomials etj(r) with dega^ = j. This implies that if (m— fc)/2 ^ 
N then Cm(s) = and if (m - fc)/2 € N we have 

/•oo rlix 



H m (V2nr cos 6)e-* r2 r 28 ' 1 e ikB d6dr 



poo -z POO 

./o 2 J=0 Jo 

(m-fe)/2 , 

= 7r E s^+^/2 r ( 5 +^ + 2 

(m-k)/2 

' s + 3 + 7T - 1 ) ■■■ ( s + 7T ) r ( s + TT 



where p~m (s) is a real polynomial of degree (m — k)/2. □ 

Remark 4.4. Theorem 11.11 imnlies that pm^l — s) = (-lj^pm^s) so Cm' 
fulfills a functional equation much like the functional equation for the Riemann 
^-function. 

Lemma 4.5. (m\s) admits the functional equation 

(m + 1)C«( S ) = + 1) - ~ (* + \ ~ l) (* ~ \ ~ l) - !)■ 



Proof. Since we have that 

<9r 2 r dr ' r 2 96* 2 / 



a ^ w = ( £ + 11 + ^- 2e " fc - - 2 ) 2 - fc2 ) - 1) 



and 



(~4^ A + + y 2 )) /™.o = (m+ l)/m,o, 
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we immediately get 

(m + 1)C<?(*) = ((m + l)/ m , , <?*(*)) - ^ (-^A + * + ^)) /™.o> 9^ 

= (/m,o, --^ ((2a - 2) 2 - fc 2 ) fffc ( fl - 1) + ng k (s + 1)^ 

= -± (- + £ - l) (* - § ~ l) C^{s - 1) + + 1). 

□ 

From pQ we have the following lemma: 

Lemma 4.6. Let q(s) be a polynomial, and assume that the zeros of q(s) lie in 
the closed strip {s;5f(s) S [— c, c]} with c > 0. Then if a,b > 0, the zeros of 

r(s) — (s + a)q(s + b) — (s — a)q(s - b) 

lie in the open strip {s; 5R(s) € (— c, c)}. 

Remark 4.7. The lemma is proved for 6 = 2 but this does not change the proof. 

Proof of Theorem \l.l\ We only need to show that Pm\s) has all its zeros on 
5R(s) = 1/2. Letting qm\s) — Pm\s + 1/2) and inserting this in Lemma fOl we 
get 

(m + l)r (a + ^±Tj 7ri-gW(«) = , r (a + 1 + *±±) (« + 1) 

~(- + ¥)(-^) r (- 1+ 

Simplifying this gives 

(m + 1)<#> (-) = (• + ^p) (- + 1) - (* - ^) <£ } (- - I)- 

The claim now follows from Lemma [Ql □ 

We could also prove Theorem II .11 in a different way by using the following 
well-known theorem: 

Theorem 4.8. Let {pn}™=o be a sequence of polynomials such that the degree of 
p n is n and the polynomials are orthogonal with respect to some Borel measure 
fi on R. Then p n have n distinct real roots. 

Proof. The theorem is obviously true for n — 0. Assume that pk has k distinct 
roots for k < n. Without loss of generality we assume that all polynomials have 
one as their leading coefficient. Then pk is real for k < n and p n = f n + ig n , 
where g n has degree less than n. Moreover, 

= (j>n,Pk) = (fn,Pk) ~ i(9n,Pk) 
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for k < n, hence (g n ,Pk) — 0. But the degree of g n is less than n so we must 
have g n = 0. Thus p n is real. If p n does not have n distinct real roots then it 
could be written as p n (x) = (x — a)(x — a)q(x) = \x — a\ 2 q(x) for Since 
the degree of q is less than n we must have (p n ,q) = 0, but on the other hand 
we have that p n (x)q(x) > for all x. This is a contradiction, hence p n has n 
distinct real roots. □ 

Proposition 4.9. The polynomials pm (1/2 + it) are orthogonal with respect to 
the measure \T({k + l)/2 + it)\ 2 dt, where dt is the Lebesgue measure on R. 

Proof. As we have noticed before the functions b m<n are orthogonal, hence for 
m ^ in' we have 



= (b m> n,b m ' t n) =2ir b m>n (r)b m/>n (r)rdr 







= 2tt / b m , n (e u )e u b m ^ n {e u )e u du. 

J — OC 

Using Plancherel's formula it follows that 27r'$(b rnmn (e u )e u )(— 2t) is an orthogonal 
sequence denotes the ordinary Fourier transform) and this is just 

p oo 

2^(6 m , fc (e")e M )(-2<) = 2tt / fe m ._ fc (r)r l2t dr 

Jo 

b m ^ k {re w y k9 r l2t d6dr = c m . k (£\l/2 + it) 
k + 1 
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+ it 1/2 - u p { £(l/2 + it). 



□ 



Remark 4.10. Theorem ll . ll follows immediately if we combine Theorem l4.8l with 
Proposition 14.91 
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